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Vibrations of machines and structures vanish perfectly at a certain frequency
when they have a vibration absorber without damping. But if forced frequencies
vary from the anti-resonance frequency, their vibration amplitudes increase
signi"cantly. Then the absorber without damping cannot be applied to the
structure subjected to variable frequency loads or the loads having high-frequency
components. The present article discusses a method of vibration control of
a structure by using the vibration absorber without damping. In this method,
a variable sti!ness vibration absorber is used for controlling a principal mode. The
sti!ness is controlled by the microcomputer under the auto-tuning algorithm for
creating an anti-resonance state. The optimal vibration absorber with damping is
also utilized for controlling higher modes. The analyses and the algorithm for the
auto-tuning control are developed. A method to obtain optimal parameters has
been presented for the vibration absorber which controls higher modes. In order to
validate the control method and the analysis, experimental tests have been carried
out.

( 1999 Academic Press
1. INTRODUCTION

Various vibration absorbers and dampers have been presented in a number of
papers [1}4]. Recently, complicated phenomena of vibration absorbers such as
non-linear vibrations have been discussed in references [5, 6]. Vibration absorbers
have been used for suppressing vibrations of various structures [7, 8], and machines
such as o!shore platform [9], valves [10], multi-stage pumps [11], and shock
absorbers of machines [12]. The absorbers as just mentioned are the vibration
control elements for passive control, so in the design, maximum amplitudes of the
vibrating body are minimized in a wide frequency zone by using optimal absorber
parameters. Recently, active and active/passive vibration absorbers have been
discussed [13}15] in which rigidity and damping are varied by using actuators.
Najet et al. [16] gave an interesting tunable absorber for a two-degree-of-freedom
system in which the optimal poles were given by the use of time-delay feedback.
Recently, Sun et al. [17] gave a survey of passive, adaptive and active tuned
absorbers.
0022-460X/99/490773#20 $30.00/0 ( 1999 Academic Press
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Vibrations of a mass having a vibration absorber without damping vanish
perfectly when the frequency of a sinusoidal force acting on the mass is equal to the
natural frequency of the absorber. Since the phenomenon is just opposite to the
resonance, the phenomenon is called &&anti-resonance'', and the frequency in which
the vibration amplitude becomes minimum is called &&anti-resonance frequency'' in
the present paper. When the forced frequency is di!erent from the anti-resonance
frequency, the vibration amplitude of the mass increases signifcantly. For the
reason as just mentioned, the absorber using the principle has not been used in
practical problems. In the absorber, if the sti!ness of the absorber is tunable,
vibrations of the mass can be suppressed perfectly from a theoretical stand point.
The principle has been used for controlling vibrations for a rigid body [17, 18] by
use of the tunable vibration absorber. The methods in references [16}18] are
applicable in case of a rigid body and sinusoidal exciting force.

In practical structures, exciting forces have complicated waves with respect to
time, which are di!erent from the sinusoidal waves in general. This implies that the
forces involve higher frequency components, and hence the higher vibration modes
are generated for #exible structures. The tunable vibration absorbers for the rigid
body under sinusoidal forces cannot be applied directly to such a problem. Then all
resonance peaks in the frequency domain have to be suppressed in the design of
absorbers for #exible structures. In order to reduce resonance peaks, and to have
#at response curve in a frequency domain, vibration absorbers with damping have
been widely used [7}15]. However, the amplitudes at a low-frequency region within
the "rst resonance frequency are greater than the displacement due to the static
load whose intensity is equal to the amplitude of vibration load. Hence, the
maximum amplitude ratio in the frequency domain is greater than unit [the
amplitude of displacement due to a vibration load with amplitude P/(the
displacement due to the static load with intensity P)'1] when the vibration
absorbers with damping are used. In addition, the number of vibration absorbers
has to be equal to that of control modes. Hence, many absorbers are required.

In the present article, a method of vibration control for structures has been
presented with consideration of higher modes of vibrations. In our method, the
principal vibration mode is controlled by use of auto-tuning anti-resonance control
of the tunable vibration absorber without damping, and the higher modes are
suppressed by the optimal vibration absorber with a magnetic damper. Theoretical
results under the control have been presented. In order to validate the present
control method and analyses, experimental tests have been carried out.

2. RESPONSE OF A STRUCTURE WITH VIBRATION ABSORBERS

The purpose of this paper is to suppress vibrations of structures with
consideration of higher modes. When a structure is excited by a cyclic exciting force
whose principal frequency is smaller than the "rst resonance frequency, the
vibration amplitude with the forced frequency is signi"cant, but the components of
higher frequencies are also involved in the amplitude. When an ordinary vibration
absorber with damping is used, vibration amplitudes in a low-frequency region
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cannot be suppressed (the amplitude ratio is greater than unit). The tunable
vibration absorber without damping suppresses vibrations for the principal mode,
but it cannot suppress higher modes. In order to suppress vibrations in a wide
frequency region, the present article proposes a system consisting of a tunable
vibration absorber and a vibration absorber with a magnetic damper. The tunable
absorber suppresses the principal mode, and the vibration absorber with the
damper suppresses higher vibration modes. When the vibration absorbers with
damping are used, the number of vibration absorbers has to be equal to that of the
control modes in the usual design of absorbers. The vibrations of higher modes can
be suppressed by small damping, because a damping force is in proportion to the
vibrating speed. The present authors presented a method for suppressing higher
modal vibrations by using the fewer number of vibration absorbers with
consideration of the damping phenomena just mentioned [19]. In the method, the
absorbers control higher modes whose number is greater than the number of
vibration absorbers. The method is used to design the absorber in the present
article.

Figure 1 shows the geometry of the structure with the absorbers in which one of
the absorber has no damping (the tunable absorber for anti-resonance is called
absorber 1), and the other has the magnetic damper (the absorber for higher modes
is called absorber 2). The locations of the absorbers are important, because the
system parameters vary with the sti!ness of the tunable absorber. The optimal
parameters of the vibration absorber with damping vary with the system
parameters. This implies that both the tunable absorber and the vibration absorber
with damping cannot be used simultaneously. In order to use the absorber for
higher modes, the tunable absorber (absorber 1) lies on the nodal point of the
second mode of the structure, and so the motion of absorber 1 does not a!ect the
second mode, because, the second mode vibration is not generated due to the
excitation at the second nodal point. Absorber 2 lies at the anti-nodal point of the
second mode. The motion of absorber 2 due to the second modal vibration also
Figure 1. Geometry of the beam with vibration absorbers.
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does not a!ect the "rst mode (the phenomena will be clari"ed in the analysis). Then
absorber 2 can be designed without consideration of absorber 1, and the constant
optimal parameters of the absorber are applicable. For the "rst mode, since
absorber 2 is not laid on the nodal point of the "rst mode, it a!ects the "rst modal
vibration of course, but its e!ect can be involved in the auto-tuning control of the
"rst mode.

In order to indicate the validity of the present system, consider a simple beam
with both built-in edges. The theoretical model is shown in Figure 1. The vibration
response can be obtained by using the transfer matrix method whose nature has
been discussed in references [20, 21]. The matrix equation between the jth and
( j#1)th element of the beam is
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The equation of motion of the vibration absorber is

m
2

d2u
dt2

#c
2A

du
dt

!

dw
dtB#k

2
(u!w)"0, (5)

where m
2

is the mass, k
2

the spring constant, c
2

the damping coe$cient, and u the
displacement of the mass of the vibration absorber, respectively. Substituting
w"=

0
e*ut, u";

0
e*ut into equation (5), one obtains

Q"B
2
(u)m

2
u2, (6)

where

B
2
(u)"

p2
2
#2kui

p2
2
!u2#2kui

, (7)

2k"c
2
/m

2
, p2

2
"k

2
/m

2
, i"J!1.

Hence, the point transfer matrix at absorber 2 is
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The size and weight of absorber 1 are not small, and so a rotary inertia must be
considered. The point transfer matrix with such consideration is
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where J is the moment of inertia of absorber 1, and where
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Since both ends of the beam are built-in, the boundary conditions are
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where 0 denotes the left end, and N the number of the point at the right end of the
beam, from which one obtains the state variables at point 0:
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Numerical calculations are carried out for the beam with vibration absorbers
used in the experiment as mentioned below. An aluminum beam with channel
shape is used. Table 1 shows the dimensions of the beam. The dimensions for the
variable sti!ness absorber (see Figure 2) used in the calculation are also depicted in
Table 2. The nodal point of the second mode is calculated as x"46 cm from the
left end of the beam where the auto-tuning absorber is attached (hereafter, the point
is called as point A). Numerical calculations are carried out under the assumption
that the sinusoidal force with amplitude 10 N acts on the point measured from
24)5 cm from the left end of the beam. Figure 3 depicts the compliance versus the
forced angular frequency at point A. The resonance frequency of the beam varies
with the sti!ness of the absorber (the natural frequency of the absorber). The
anti-resonance frequency also varies with the sti!ness of the absorber. However,
since the variable sti!ness absorber lies on the nodal point of the second mode, the
second resonance frequency has no dependence on the sti!ness of the absorber.
This implies that absorber 2 can be designed without consideration of sti!ness
variation of absorber 1. The total mass of the absorber is large, and so the
resonance peaks of higher modes more than the third mode are signi"cantly small
in comparison with the "rst two peaks. If the anti-resonance frequency is tuned to
TABLE 1

Dimensions of the beam

Material Aluminum
Shape of the cross-section Channel

Size of the cross-section 21)5]60)4]3)3 (mm)
Length of the beam 980 (mm)
Young's modulus 7)06]1010 (N/m2)
Density 2)7]103 (kg/m3)
Total mass of the beam 0)845 (kg)
Moment of the cross-section 1)2]10~8 (m4)
Mass of the attached plate at the forcing point 0)5 (kg)



Figure 2. Geometry of the anti-resonance absorber (variable sti!ness absorber)

TABLE 2

Dimensions of the variable sti+ness absorber for anti-resonance control

Attached mass at the tip of beam 0)6 (kg)

Eigenfrequency of the absorber 13}29 (Hz) (variable)
Spring of the absorber Beam made of a stainless bar
Total mass of the absorber 4)23 (kg)

AUTO-TUNING VIBRATION CONTROL OF STRUCTURES 779
be the principal frequency of the forced load, the vibration amplitude of the "rst
mode of the beam becomes zero when there is no damping. Since the present system
has a damper in absorber 2 for suppressing higher modes, the "rst modal vibration
does not become zero, and so the small damping is desirable for absorber 2.

From Figure 3, it is ascertained that the combination of the tunable absorber and
the absorber with damping is able to control vibrations.

3. METHOD OF AUTO-TUNING OF ABSORBER 1 FOR
THE ANTI-RESONANCE CONTROL

In the present paper, the "rst modal vibration is controlled by the tunable
(variable sti!ness) absorber under the anti-resonance control. Figure 2 shows the
geometry of absorber 1 for the anti-resonance (variable sti!ness absorber). The
variable sti!ness absorber consists of the mass, beam, rotary encoder, motor and
ball screw as shown in Figure 2. In the absorber, the spring constant at mass (1)
varies by moving the middle support of beam (2). The moving support consists of
a Te#on plate with a hole in which a circular stainless bar is inserted. The ball nut is
connected to the plate. Hence, the middle support moves when the motor rotates.



Figure 3. Theoretical response of the beam for various values of the rigidity of the anti-resonance
vibration absorber.
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The angle of rotation of the motor is detected by the rotary encoder (3) attached to
the ball screw.

In order to have the anti-resonance state, a method of auto-tuning with two steps
is presented. The acceleration signal is measured by the acceleration sensor. It is
converted into the displacement signal by using the integration circuits. The
displacement signal is input to the digital signal processor (DSP). In the "rst step
control, the principal frequency is calculated, and the angle of rotation of the motor
is calculated. The motor is rotated until the calculated angle, where the angle of
rotation is detected by the rotary encoder. If the theoretical anti-resonance
frequency coincides with the actual frequency, one obtains the anti-resonance
state by using the theoretical expression. At the anti-resonance frequency, the
response curve is sharp as shown in Figure 3, and so a few theoretical error has
considerable e!ects on the amplitude of the beam. Hence, it is di$cult to create the
anti-resonance state by the control based on the theoretical analysis. The
theoretical analysis can be applied for obtaining approximate rotation angles of
the motor. Then the second step (precise auto-tuning) control is required.

The second step auto-tuning control is performed as follows. The support of the
absorber beam is moved a little from the position settled by the control based on
the analysis. The vibration amplitude after the support movement is compared with
that before the movement, and the support is moved in the direction where the
vibration amplitude decreases. The support movement (the rotation angle of the
motor) is decreased with decreasing values of the vibration amplitude of the beam.



Figure 4. Flow chart of control of the anti-resonance vibration absorber.
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By repeating the control, one obtains the anti-resonance state automatically by
using the DSP. Figure 4 shows the algorithm of this control.

4. METHOD TO OBTAIN OPTIMAL PARAMETERS
OF VIBRATION ABSORBER 2

When the anti-resonance control is performed, the "rst mode vibration is
controlled to be signi"cantly small. However, higher modes cannot be controlled.
In order to control higher modes, the damper with large damping is desirable, but it
a!ects the "rst mode. This implies that, small damping is desirable for the control of
higher modes. Hence, the optimal vibration absorber is used for the higher modes.
When the optimal vibration absorbers is used, vibrations of higher modes are
suppressed by use of the optimal damping coe$cient. The damping is not so large,
because the mass of the absorber damps vibrations. In the usual design of vibration
absorbers, the number of absorbers has to be equal to that of the control modes.
For the problem, the present author proposed a method of control of higher modes
by use of the small number of absorbers. We controlled the "rst "ve modes
successfully by use of only three absorbers in the problem of plate vibrations [19].
In the present article, the method is also applicable to the design of the absorber.

The e!ect of the absorber is large when the absorber lies on the anti-nodal point
where the mode shape has a maximum value. Then absorber 2 lies near the
anti-nodal point of the second mode (The point was calculated as x"65 cm
measured from the left end of the beam by using the analysis mentioned above.
Hereafter, the point is called point B). The vibrations of higher modes can be
suppressed by small damping, because the damping force is in proportion to the
vibrating speed. Then the absorber can control not only the second mode but also
higher modes due to the damping called &&#uid damper e!ect''. Usually, the #uid
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damper e!ects are not considered in the design of vibration absorbers. However,
when higher modes are considered, the optimal absorber parameters are di!erent
from those of ordinary absorbers [19]. In the present article, absorber 2 is designed
with consideration of higher modes. In order to have the optimal parameters of the
absorber, the frequency response curve in higher modes except the region of the
"rst mode (which is controlled by the anti-resonance control) is considered. The
frequency response curve near higher peaks is divided into n-pieces for n-higher
peaks in the considered region. Each divided curve is integrated with respect to the
frequency in the considered frequency region from X

1i
to X
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for ith piece. Their
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method as just mentioned has advantages, because it controls higher modes by
using the fewer number of absorbers. All higher modes more than the second mode
will be controlled by using the present method. There is no guarantee that equation
(14) will converge to the truly optimal solution, so that the calculation of equation
(14) is performed for some initial values. The optimal values are decided when the
solutions converge to the same value.

Table 3 depicts the calculated optimal values of the absorber for the present
beam. One example of initial values (before the optimization) are also shown in the
TABLE 3

Dimensions of the absorber for higher modes

Initial values Optimal values

Spring constant 104 (N/m) 2)51]104 (N/m)
Damping coe$cient 10 (N s/m) 9)07 (N s/m)
Attached mass 0)2 (kg) 0)205 (kg)
Total mass of the absorber 0)327 (kg)



Figure 5. Theoretical response of the beam with optimal vibration absorbers for the second mode.
----- not optimized; ** optimized.
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table. By using the values, the compliance of the beam at point B are calculated.
The results are depicted in Figure 5. There is a large peak at the second resonance
frequency when using the initial values before the optimization (see the dotted line),
while the second resonance peak is suppressed when using the optimal values (see
the solid line). Then the present method is applicable for designing the vibration
absorber with the damper. Since the variable sti!ness absorber lies on the nodal
point of the second mode, the e!ect of variation of the tunable absorber on the
second mode is almost zero in the "gure. Hence, absorber 2 can be designed
without considering variations of tunable absorber 1, and "xed parameters are
applicable for the absorber 2. The tunable absorber also a!ects the modes greater
than the third mode. But, although the damping e!ect varies with the sti!ness of
tunable absorber, the higher modes are suppressed by the #uid damper e!ects of
course.

5. EXPERIMENTS

In order to validate the present control method and analyses, experimental tests
have been carried out for the same model mentioned in the numerical calculation.
Figure 6 illustrates the geometry of the control system. A magnetic damper is used
in absorber 2. The rectangular aluminum plate conductor is inserted between two
permanent magnets in which the N-pole of one magnet faces the S-pole of the other
as shown in Figure 7. When the plate conductor vibrates, the magnetic force is
generated. The force gives the damping which is in proportion to the velocity of the



Figure 6. Geometry of the control system.

Figure 7. Geometry of the magnetic vibration absorber for higher modes.

784 K. NAGAYA E¹ A¸.
plate conductor. The damping coe$cient can be varied by adjusting the air gap
between the magnets, hence one obtains the optimal damping coe$cient shown in
Table 3. The analysis of damping coe$cients was reported in our previous report
[3]. The spring constant of the absorber is also varied by adjusting the length of the
plate spring shown in Figure 7. Then the optimal values of the mass and the spring
constant in Table 3 are settled. The second resonance frequency has no dependence
on the variation of the sti!ness of the auto-tuning absorber (anti-resonance
absorber) as shown in Figure 3, so the absorber with constant parameters is
applicable of course as mentioned above. The "rst step control for obtaining the
anti-resonance state requires the relationship between the eigenfrequency of the
variable sti!ness absorber and the length of the absorber beam measured from the
tip mass. The relationship is non-linear as shown in Figure 8. Then the relationship
is obtained as an expression by making use of the least-squares method. The solid
line in Figure 8 illustrates the result obtained by the expression which is used in the
"rst step control.



Figure 8. Relation between the length of the beam of the absorber and the natural frequencies.

Figure 9. Shape of the exciting force generated by a magnet.
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The acceleration sensors were attached at two points at x"46 cm (point A) and
x"65 cm (point B) from the left end of the beam, and detected signals were input
to the FFT analyzer as shown in Figure 6. The forced excitation was applied at the
point x"24)5 cm from the left end of the beam by an electromagnet. Since
the electromagnet generates attractive force only, and the force is in proportion to
the square of the current, the exciting force becomes the square of half sine pulse as
shown in Figure 9 under the sinusoidal input current. This implies that the force
has various frequency components. Then the absorber to suppress higher modes is
needed.

5.1. EXPERIMENTAL RESULTS WITHOUT VIBRATION ABSORBERS FOR HIGHER MODES
IN CASE OF THE VARIABLE STIFFNESS ABSORBER BEING UNCONTROLLED

Experimental tests have been carried out for the beam with variable sti!ness
absorber, but without the vibration absorber for higher modes. Figure 10 illustrates



Figure 10. Experimental time-response curves for the beam without control and without absorber
for higher modes in case of "rst resonance frequency excitation.

Figure 11. Experimental time-response curves for the beam without control and without absorber
for higher modes in case of second resonance frequency excitation.
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the experimental time response curve at both the points (points A and B) under the
excitation of the "rst resonance frequency ( f"25 Hz). The response curves under
the excitation of the second resonance frequency ( f"58 Hz) are also shown in
Figure 11. The frequency spectrum are also shown in Figures 12 and 13, where the
value (dB) illustrates 10 log

10
w. In Figures 12 and 13, two typical peaks (the

"rst and second modes) are observed. In addition, some of sub-harmonic and
super-harmonic peaks due to the non-linear exciting force are also observed.

5.2. EXPERIMENTAL RESULTS WITH THE VIBRATION ABSORBER FOR HIGHER MODES IN
CASE OF THE VARIABLE STIFFNESS ABSORBER BEING CONTROLLED

Figure 14 depicts the time-response curve of the beam with both the
variable-sti!ness absorber under the anti-resonance control and the magnetic
absorber when the exciting load has the "rst resonance frequency ( f"25 Hz). The
frequency spectrum in this case are shown in Figure 15. Figures 16 and 17 depict



Figure 12. Experimental frequency spectrum for the beam without control and without absorber
for higher modes in case of "rst resonance frequency excitation.

Figure 13. Experimental frequency spectrum for the beam without control and without absorber
for higher modes in case of second resonance frequency excitation.

Figure 14. Experimental time-response curves for the beam with control and with absorber for
higher modes in case of "rst resonance frequency excitation.
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Figure 15. Experimental frequency spectrum for the beam with control and with absorber for
higher modes in case of "rst resonance frequency excitation.

Figure 16. Experimental time-response curves for the beam with control and with absorber for
higher modes in case of second resonance frequency excitation.

Figure 17. Experimental frequency spectrum for the beam with control and with absorber for
higher modes in case of second resonance frequency excitation.
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the results under the control subjected to second resonance frequency excitation.
The amplitude under the present control at the resonance frequency is suppressed
within only 8)6 per cent of the uncontrolled result (see Figure 10). Especially,
sub-harmonic and super-harmonic motions are also supressed signi"cantly as
shown in Figure 15.

The present control is also applicable when the system parameters and forced
frequency vary. In Figure 18, the result is shown when the forced frequency varies
suddenly from the anti-resonance state. It shows that the amplitude of the beam
increases with the variation of the forced frequency, but after about 2 s the
anti-resonance state is created again by the auto-tuning control, and hence the
amplitude is suppressed.

The frequency response at the point A of the beam is depicted by the solid line in
Figure 19, where the anti-resonance states are created. Figure 20 also shows the
response at the point B. In the "gures, the dashed line is the result without control.
The "gures show that the vibration amplitudes under the present control are
suppressed signi"cantly in a wide frequency range involving "rst and second
resonance frequencies. Especially, when using the usual vibration absorbers, the
amplitudes for the low-frequency region are almost the same as those without
control, because the e!ects of inertia force for low-frequency is small. Hence it is
di$cult to control amplitude ratios for low-frequencies less than one in the usual
vibration absorbers or the PID active control. However, when the present method
is used, the vibration amplitudes of the beam for the low-frequency region are
signi"cantly small. This is the advantage of using the present method.

In the present problem, since the "rst two peaks in the frequency response curve
are signi"cant, the higher modes greater than the third mode are not considered in
the design of absorber 2 because the principal frequency of the exciting force is
considered to be within 100 Hz (6000 rpm). In usual machines and structures, the
principal frequencies are not large, so the e!ect of the "rst mode is signi"cant, the
second mode is the next, and components higher than the third mode are small
Figure 18. Experimental time response at point A of the beam with control and with absorber for
higher modes when the frequency is changed.



Figure 19. Frequency response at point A in the beam. ** with control; ----- without control.

Figure 20. Frequency response at point B in the beam. ** with control; ----- without control.
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even if the exciting force involves high-frequency components. Hence, higher modes
may be suppressed by the damper e!ect of the second absorber as mentioned
above.
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6. CONCLUSION

A method of vibration control of structures has been presented. In the method,
a variable sti!ness absorber was presented for controlling vibrations of the "rst
mode by using an auto-tuning anti-resonance control. The algorithm by use of
a microcomputer was presented for the auto-tuning control. In order to control
vibrations higher than the second mode, a vibration absorber with a damper was
used, and its design method to obtain optimal parameters of the absorber was
presented.

Experimental tests have been carried out for a #exible beam, and it is clari"ed
that the vibrations can be controlled to be signi"cantly small by use of the present
method.

In the ordinary vibration absorbers, the amplitude ratio in the low-frequency
region is greater than unit, while the present method enables one to reduce the
amplitude ratio to 0)5. This is the essential advantage of using the present method.
In addition, the number of vibration absorbers has to be equal to that of the control
modes in the usual design method of absorbers. The absorber designed by the
present method enables one to suppress vibrations of the higher modes by use of
a fewer number of absorbers.

It is also clari"ed that the present method is applicable when the system
parameters and forced frequencies with higher components vary during vibrations.

Although the variable sti!ness absorber is controlled by the servo-motor, the
vibration control is carried out based on the passive control. This implies that the
control energy is signi"cantly small in comparison with active controls.

Therefore, the present method has advantages over the previous methods.
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